We apply the method of correlation functions to the coefficient problem in stochastic geometry. In particular, we give a proof for some universal patterns conjectured by M. Zinsmeister for the second moments of the Taylor coefficients for special values of κ in the whole-plane Schramm-Loewner evolution (SLE κ ). We propose to use multipoint correlation functions for the study of higher moments in coefficient problem. Generalizations related to the Levy-type processes are also considered. The exact integral means β-spectrum of this version of the whole-plane SLE κ is discussed.
1 The coefficient problem for the whole plane SLE κ : main results
The Loewner evolution first appeared as a way for attacking the Bieberbach conjecture for the Taylor coefficients of injective conformal mappings of the open disc to the plane (for review see eg [4] ) and since the beginning of the 20th century became an indispensable tool in related theory of complex variables. The years following Loewners' initial work also showed many applications of complex analytic methods to the study of problems involving fractal objects in the plane. In particular, the area of two-dimensional critical phenomena has enjoyed a breakthrough due to a radical development by O. Schramm in stochastic Loewner evolution, as an approach to description of boundaries of critical clusters (see for a review e.g. [3] and [8] ). On the other hand it is interesting to return to the initial motivation of studying Loewner evolution and to review the coefficient problem for stochastic conformal mappings described by Loewner chains. In particular, an idea of considering statistical properties of the Taylor coefficients of conformal mappings for stochastic Loewner evolution driven by a wide class of Levy processes has been recently proposed by M. Zinmeister. Some moments of coefficients have been estimated and some universal patterns have been conjectured by Bertrand Duplantier, Thi Phuong Chi Nguyen, Thi Thuy Nga Nguyen and Michel Zinsmeister [1] . In the present article we prove the conjectures of the above authors as well as propose new approaches to the coefficient problem in stochastic geometry.
We start the paper with a brief description of the problem and fixing the notations.
Radial stochastic Schramm-Loewner Evolution with parameter κ (see e.g. [3] , [7] ) describes dynamics of a slit domain in the z-plane that can be represented by growth of a random planar curve Γ = Γ(t) starting from a point on a unit circle |z| = 1 at t = 0. The principal idea of the theory of SLE is that the growth of the curve can be given by the time dependent conformal mapping z = F (w, t) which satisfies the Loewner equation with stochastic driving:
w − e iB(t) , t ≥ 0, F (w, 0) = w, whereB(t) denotes the Brownian motion with "temperature" κ:
Everywhere through the article denotes expectation. One can consider either the "exterior" problem, where the complement of the unit disc D + = {w : |w| > 1} in the w-plane is mapped by F = F + to the "exterior" slit domain D + \Γ(t) in the z-plane (i.e. the curve starting from the unit circle is growing in the exterior of the unit disc)
or the "interior" problem, where the curve starting from the unit circle is growing in the interior of the unit disc. In this problem the unit disc in the w-plane D − = {w : |w| < 1} is mapped by
Since SLE κ is a conformally invariant stochastic process [3] , [7] , the exterior and interior problems are related by the inversion F − (w, t) = 1/F + (1/w, t).
In the present article we study the whole-plane SLE, which is an infinite-time limit of the radial SLE: There are two versions of the whole-plane SLE κ :
The first version is the "interior" whole plane SLE κ which can be viewed as the limit of the interior problem
describing the growth process in an infinite slit domain by "erasing" in time a curve/slit that starts at some point on the plane and goes to infinity. This article mainly deals with this version of the whole-plane SLE κ . The second version of the whole-plane SLE κ can be viewed as the limit of the exterior problem
Note that this is the bounded-map version of the whole-plane SLE κ . Its exact multi-fractal spectrum has been recently described in [2] . In the work [1] , the coefficient problem (see e.g. [7, 4] ) has been revisited in the framework of the SLE κ : The authors of [1] (1)) for the interior whole-plane stochastic Loewner evolution driven by Levy processes. They have observed some universal patterns, and in particular for the SLE κ with κ = 6 and κ = 2 they found that
In the present article we prove the above patterns (see Section 3) using technique of correlation functions, which is introduced in the next section. The multi-point correlation functions are considered in the context of evaluation of higher moments of expectations of the Taylor coefficients. This approach is also generalized to the case of the Loewner evolution driven by Levy processes. Asymptotic behavior of the moments of coefficients, its relationship with orthogonal polynomials and multi-fractal spectrum is discussed in the last section.
Correlation functions of SLE κ
One can find moments of Taylor coefficients through evaluation of moments of derivatives of conformal mappings. It turns out that moments of derivatives satisfy linear partial differential equations of the second order. To derive such equations it is convenient to change variable w → we iB(t) and define the conformal transformations z = f ± (w, t) in the "rotating frame", in which the immovable point w = 1 on the unit circle is mapped to the moving tip of the curve:
We remind that the unbounded mapping f − , corresponding to the interior whole-plane SLE κ (1), (2) , sends the unit disc in the w-plane to the complement of a curve that starts at some point and goes to infinity in the z-plane. On the other hand, the bounded mapping f + , corresponding to the exterior whole-plane SLE κ (1), (3), sends the complement of the unit disc in the w-plane to the complement of a bounded curve that starts and ends at some finite points in the z-plane. We now define the following functions
where the prime denotes derivative wrt w orw. In general, we do not suppose that the second argumentw of the above function is a complex conjugate of the first one w, so we call it the "2-point" correlation function.
To estimate ρ one can use the following differential equation
where σ = −1 for the interior problem and σ = 1 for the exterior problem respectively.
Below, we present a simple derivation of equation (6) which relies on procedure first introduced by Hastings [5] (for a derivation using formal Ito calculus one can apply e.g. approach presented in [2] ).
We start with the exterior whole-plane SLE κ . From (5) it follows that
Using the fact that for the Loewner chain (1) we have the composition rule F + (w, t + δt) = F + (δF (w, δt), t), where δF itself satisfies the Loewner chain equation
w − e iB(t+δt) , δF (w, δt = 0) = w,
in the "rotating frame" (4) we get
Solving differential equation (8) up to the first order in δt (up to the second order in δB = B(t + δt) − B(t)) we obtain
Then, with the help of (7), (9) we conclude that in the first order in δt:
Equating expectations of RHS and LHS of the above and taking into account that < δB >= 0,
where differential operator L is given in (6) . Finally, with the help of (5) and (7) we arrive at differential equation (6) with σ = 1 for the exterior whole-plane SLE κ . Since, according to (2), we defined the interior whole-plane SLE as a reversed Markovian process, equation for the interior whole-plane SLE κ has to be derived in the reversed time. This derivation coincides with that of the exterior case except the factor e qt must replace e −qt in (5), and so we arrive at equation (6) with σ = −1.
Interior Whole Plane SLE κ
According to (1) and (4), expectations of squares of absolute values of Taylor coefficients are the same in both "fixed" and "rotating" frames |f
are the coefficients of the Taylor expansion of ρ − (w,w|q; κ):
Substituting (10) into (6) we get the following recurrence relation for ρ i,j :
From this recurrence relation any ρ − i,j (q, κ) can be found in a consecutive manner: We express ρ
as a linear combination of 8 coefficients ρ
At the first step we find ρ 2 + 8(14q + 7 + 16q 2 )κ + 12(4q + 1) etc, whose particular q = 2 case coincides with the results of computer experiments given in [1] .
There are two particular values of κ for which the following special results hold Theorem 1:
Remark: These patterns were first observed from direct calculations of several first Taylor coefficients in [1] .
We prove the above results through solution of recurrence relation (11):
• For κ = 6, the matrix ρ One verifies the first statement of the theorem by direct substitution of q = 2, κ = 6, and the above matrix elements into (11).
• For κ = 2, the matrix ρ Remark : An alternative proof can be given using the explicit solutions of (6) for q = 2 and κ = 6, κ = 2 ρ − (w,w|q = 2; κ = 6) = (1 − w)(1 −w) (1 − ww) 3 , ρ − (w,w|q = 2; κ = 2) = (1 − w)
It is interesting to note that equation (6) has one-parametric class of the explicit solutions
which comprises the two above special cases.
Exterior Whole-Plane SLE κ
In the exterior problem one considers the following expansion of ρ + ρ + (w,w|q; κ)
with the recurrence relation for ρ 
Similarly to the interior case, any ρ + i,j can be found recursively. Here we list several first |F
2 + 1300κ + 264) 36(κ + 1)(κ + 3)(3κ + 2)(2κ + 1)(κ + 10)(κ + 14) etc.
Multi-point correlation functions
To estimate expectations of higher degrees of the Taylor coefficients, one needs to introduce multipoint correlation functions. For instance, the 4-point correlation function
n , i + j = l + n from the series expansion of ρ ± (w 1 , w 2 ,w 1 ,w 2 |2, 2; κ). Similarly to the 2-point case the expansion coefficients can be found by solution of a PDE for the 2n-point correlation function. Namely, the 2n-point correlation function ρ ± (w 1 , . . . , w n ,w 1 , . . . ,w n |q 1 , q 2 , . . . , q n ; κ)
satisfies the following second-order linear PDE
where σ = 1 for exterior problem and σ = −1 for interior problem respectively.
Similarly to the 2-point case (5), any coefficient ρ − i;j := ρ − i1,i2,...,in;j1,j2,...,jn of the Taylor expansion of the 2n-point function
can be found in a consecutive manner using the "2n-dimensional" recursion relation
where expressions for C l;k i;j can be explicitly found by substitution of the above Taylor expansion of ρ − into (17).
Non-Brownian processes
The above considerations generalize straightforwardly to the case of stochastic Loewner evolution driven by Levy processes. In this case one considers an evolution of the type (1) with some Levy process L(t) in place of the Brownian motion B(t). Following Hastings' approach [5] , one arrives to the analog of equation (6) 
whereη
Equations for multi-point correlation functions can be also derived in a similar manner. As suggested in [1] one can consider the coefficient problem for Levy processes with characteristic functions of the following type:
For these processes, in the case of the interior problem, we havê
where
By analogy with the Brownian case, the expansion coefficients ρ − i,j can be obtained from the recurrence relation of the type (11) with
As conjectured in [1] (by calculations of |F n | 2 for n ≤ 20), results (12), (13) also hold for Levy processes with η 1 = 1 and η 1 = 3, that correspond to κ = 2, κ = 6 in the SLE κ case.
The case η 1 = 3 can be easily proved either by repeating arguments of Theorem 1 that now use the above recurrence coefficients or by explicit solution of equation (18): The η 1 = 3 solution of (18) coincides with the q = 2, κ = 6 solution (14) of equation (6) .
The case η 1 = 1 seems to be more involved. Note, however, that one can also repeat arguments of Theorem 1 in the η 2 = 4 subcase of this case, since corresponding solution of (18) coincides with the q = 2, κ = 2 solution of equation (6) .
Orthogonal polynomials and multi-fractal spectrum
In conclusion, we would like to present some observations related to the 2-dimensional recurrence relation (11) which seems to be an interesting structure:
In the interior case, the first line ρ 
that satisfies the w = 0 reduction of equation (6) . The reduced equation is amenable, by a gauge transform, to the Gauss hypergeometric equation. To find ρ 1,j one can either choose an appropriate solution of this hypergeometric equation or consider the three-term recurrence relation for ρ
following directly from (11). The latter recurrence relation is related to Dual Hahn polynomials [6] ) and the expansion (19) truncates at j = N + 1 (i.e. ρ
Furthermore, since for the above values of parameters, C 0,2 i,i+N +2 = 0 in the recurrence relation (11), the whole matrix ρ It is worth to note that the orthogonal polynomials also appear in asymptotic expansion of ρ − (w,w): In more details, the multi-fractal spectrum of SLE κ is determined by asymptotic behavior of diagonal coefficients ρ 
Using the Ansatz ρ
which represents the highest term in the asymptotic expansion ρ
l i β−4 + . . . , from the recurrence relation (11) in the leading order in i we get
where R is the three-diagonal difference operator
In the case when
all r l vanish and
Thus, provided (22) holds, the value of the β-spectrum for given κ and q is an eigenvalue of the three-term difference operator R.
Remark:
The above asymptotic analysis generalizes to the case of the Levy processes considered in the previous section with β being an eigenvalue of the three diagonal difference operator of the type (21), (23) with a l = η l + l − q, c l = a −l , b l = −a l − c l + 2q.
In the case when parameters q and κ take values (20), i.e. in the case of the 2N + 1 band truncation of ρ − i,j , the condition (22) holds and f l satisfy equation (23), which is the three-term recurrence relation for the Dual Hahn polynomials [6] with the following spectrum:
where j ∈ {0, 1, 2, . . . , 2N }. To choose a proper j, corresponding to a value of the β-spectrum for specified parameters, additional analysis is needed. Note, that n = N subset of (20) belongs to the one-parametric family q = (2+κ)(6+κ) 8κ
of solutions (15) (including the cases of Theorem 1) . Using these exact solutions one can verify that for this subset j = 0 in (24), which corresponds to the highest eigenvalue of the difference operator R. With the help of (20) and (24) one can rewrite expression for this eigenvalue in terms of q and κ:
It is easy to see that the above expression for the β-spectrum is valid for the whole one-parametric family of solutions (15), i.e. for all real non-negative κ and q = (2+κ)(6+κ) 8κ
. General consideration from the theory of harmonic measure show that (25) equals the value of β-spectrum for all elements of set (20) [9] . Therefore, one may conjecture that equation (25) gives expression for the β-spectrum of the considered version of the whole plane SLE κ in a certain domain of the parametric (q, κ)-plane that includes families (15) and (20). The latter is confirmed by numerical analysis [9] .
In conclusion: It is interesting to understand what is the particular significance of the considered 2N + 1-diagonal structures and whether the whole two-dimensional recurrence relation (11) is "exactly solvable".
